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a b s t r a c t

Viral hepatitis A is still common in Italy, especially in Southern regions. In this study, a metapopulation
model for hepatitis A virus (HAV) transmission is proposed and analyzed. Analytical results on the
asymptotic and transient behaviors of the system are carried out. Based on the available Italianmovement
data, a national spatial contact matrix at the regional level, which could be used for new studies on the
transmission dynamics of other infectious diseases, is derived for modeling fluxes of individuals. Despite
the small number of fitted parameters, model simulations are in good agreement with the observed
average HAV incidence in all regions. Our results suggest that the mass vaccination program introduced
in one Italian region only (Puglia, the one with the highest endemicity level) could have played a role
in the decline of HAV incidence in the country as a whole. The only notable exception is represented
by Campania, a Southern region showing a high endemicity level, which is not substantially affected by
HAV dynamics in Puglia. Finally, our results highlight that the continuation of the vaccination campaign
in Puglia would have a relevant impact in decreasing long-term HAV prevalence, especially in Southern
Italy.

© 2010 Elsevier Inc. All rights reserved.
1. Introduction

Viral hepatitis A is an acute liver infectious disease caused by
the hepatitis A virus (HAV). The virus can be transmitted from per-
son to person by the oral-fecal route, by ingestion of contaminated
food or drink or by the use of intravenous drugs (Stapleton and
Lemon, 1994). Hepatitis A is one of the most common infectious
diseases worldwide (Das, 2003; Murray and Lopez, 1997), both in
developing and developed countries (Lucioni et al., 1998). An ef-
fective vaccine is available (Averhoff et al., 2001) and many coun-
tries recommend vaccination of children (e.g., the United States).
For such reasons, various mathematical modeling studies of HAV
have been carried out for evaluating the effectiveness of different
control strategies (Sattenspiel and Simon, 1988; Samandari et al.,
2004; Srinivasa Rao et al., 2006; Bauch et al., 2007; Ajelli et al.,
2008; Ajelli and Merler, 2009).

In developed countries the two main sources of HAV infection
are represented by direct contacts between individuals and
consumption of infected food/water (Fiore, 2004). In Italy, seafood
(such as shellfish and mussels consumed raw) represents the
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main source of HAV infections (Mele et al., 2006). For this reason,
circulation of HAV in the ‘‘environment’’ was explicitly modeled
in two recent studies, focused on the transmission dynamics
of hepatitis A in Southern Italy (Ajelli et al., 2008) and on the
evaluation of different strategies for its control (Ajelli and Merler,
2009). In Italy, HAV seroprevalence (Ansaldi et al., 2008) and
incidence of notified cases are highly variable between regions
(see Fig. 1). This study focuses on a metapopulation model (whose
classes represent different geographical areas) accounting for both
person-to-person transmission and ingestion of contaminated
food in order to investigate spatiotemporal dynamics of hepatitis
A in Italy.

Metapopulation models have been largely used for studying
endemic (e.g., Hethcote (1978), Koopman et al. (2002) and Amariei
et al. (2008)) and epidemic diseases (e.g., Rvachev and Longini
(1985), Sattenspiel and Dietz (1995), Colizza et al. (2007) and
Balcan et al. (2009)). A major problemwhen dealing with this kind
ofmodel is to obtain reliable estimates of themixing level between
classes. Here we introduce a spatial contact matrix based on real
data and accounting for both occasional long-distance travels (e.g.,
tourism) and daily short-distance (e.g., commuting between place
of residence and of work/study) travels. Such a matrix could also
be useful for studying the transmission of other infectious diseases
in Italy through metapopulation models. In this study the central
role of Puglia in determining hepatitis A dynamics is highlighted
as well as the effects on other Italian regions of a mass vaccination
program implemented in Puglia.
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Fig. 1. Monthly incidence (notified cases per 100,000 individuals) in Puglia (dashed
black line) and Campania (solid black line). The gray area represents the 95% CI of
the monthly incidence in Italy.

2. The model

We start by considering the classical SIR model:S ′(t) = −λ(t)S(t)− µS(t)+ bN(t)
I ′(t) = λ(t)S(t)− (γ + µ)I(t)
R′(t) = γ I(t)− µR(t),

where N(t) = S(t) + I(t) + R(t) represents the total population,
composed of susceptible (S), infectious (I) and removed (R)
individuals;µ is the mortality rate, b is the fertility rate, 1/γ is the
average infectious period; λ(t) is the force of infection.

Since the Italian population is experiencing a situation of
(about) zero growth (ISTAT, 2007), it is reasonable to assume that
the mortality and fertility rates coincide (i.e., b = µ) and, conse-
quently, the total population remains constant (i.e., N(t) = N).
However, this modeling choice is not completely realistic since
we are not considering immigration and emigration phenomena
which could be relevant in this context (Iannelli and Manfredi,
2007).

The two main sources of HAV infection in Italy are direct con-
tacts between individuals and consumption of infected food/water
(from now on, we will call the latter the ‘‘indirect’’ contacts com-
ponent). Therefore, we may write the overall force of infection at
time t as:

λ(t) = λ1(t)+ λ2(t)

where λ1 and λ2 account for direct and indirect transmission
respectively. As in classical epidemic models, λ1(t) is assumed
to be of the form β I(t)

N (where β is the transmission rate). As
regards λ2(t), we take the expression λ2(t) = β̃

 t
−∞

I(s)G(t−s)ds
where the delaying kernel G represents the survival probability of
hepatitis A virus in seafood. Assuming that this quantity decays
exponentially over time with decay rate δ, i.e. G(x) = δe−δx with
x > 0, δ > 0, as in Ajelli et al. (2008), we derive the following
system:

S ′(t) = −λ(t)S(t)− µS(t)+ µN
I ′(t) = λ(t)S(t)− (γ + µ)I(t)
R′(t) = γ I(t)− µR(t)
A′(t) = δ [I(t)− A(t)]

(1)

where λ(t) = β I(t)
N + β̃A(t) and A represents, in a suitable unit,

a proxy for the amount of virus circulating in the environment. A
full discussion of the modeling assumptions can be found in Ajelli
et al. (2008).

Model (1) can be easily extended to n classes, each of them
representing a geographic area (e.g., in the simulations we will
consider the twenty Italian regions). For simplicity we assume
that the environment of a region can be contaminated only by the
individuals living in the same region. This is not too restrictive,
since the average time spent traveling to other regions is short
compared to the incubation period of HAV (e.g., on average in Italy
4.3 days a year are spent away from home for touristic purposes,
ISTAT (2002), while the HAV incubation period is 2–4 weeks,
Stapleton and Lemon (1994) and CDC (2007)).

Let βkj ≥ 0 be the transmission rate for direct contacts between
regions k and j, for k, j = 1, . . . , n; we assume that at least
one of the βkj is strictly positive. Likewise, let β̃kj ≥ 0 be the
transmission rate for indirect contacts between regions k and j, for
k, j = 1, . . . , n (with at least one of the β̃kj strictly positive). The
elements β̃kj with k ≠ j account for the transmission due to the
consumption of infected food during travels outside the region of
residence.

Furthermore, we assume that the values of the mortality/
fertility rate, the average duration of infection of an individual and
the decay rate of the virus in the environment may vary from re-
gion to region: thus we take µk, γk and δk with k = 1, . . . , n. This
general formulation of the model would allow considering a het-
erogeneous population, in terms of both individuals and environ-
ments. Interestingly, δk would allow taking into account different
HAV survival probabilities in different areas, which could be vari-
able from region to region (e.g., they could depend on the distance
between the fishing areas and the pipe of the sewage system or the
harbors). However, because of the lack of reliable data, the theo-
retical analysis of the model will be carried out in the general case.
On the other hand, in the simulations we will assume µk = µ and
γk = γ , for all k.

Based on these considerations, the extension of system (1) to n
classes is the following 4n-dimensional system:

S ′

k(t) = −Λk(t)Sk(t)− µkSk(t)+ µkNk
I ′k(t) = Λk(t)Sk(t)− (γk + µk)Ik(t)
R′

k(t) = γkIk(t)− µkRk(t)
A′

k(t) = δk [Ik(t)− Ak(t)]

(2)

for k = 1, . . . , n, whereΛk(t) =
∑n

j=1 βkj
Ij(t)
Nj

+
∑n

j=1 β̃kjAj(t).
In each region the total population size is assumed to be

constant, that is Nk = Sk + Ik + Rk for all k. System (2) can be
reformulated in terms of relative frequencies: for k = 1, . . . , n,
we define sk(t) =

Sk(t)
Nk
, ik(t) =

Ik(t)
Nk
, rk(t) =

Rk(t)
Nk

. In addition,
for k = 1, . . . , n, let us define the rescaled environment-related
variable ak(t) =

Ak(t)
Nk

and, for k, j = 1, . . . , n, the rescaled indirect

transmission rate β̂kj = Nkβ̃kj. System (2) can now be rewritten as
follows:

i′k(t) = λk(t)

1 − ik(t)− rk(t)


− (γk + µk)ik(t)

r ′

k(t) = γkik(t)− µkrk(t)

a′

k(t) = δk


ik(t)− ak(t)

 (3)

where

λk(t) =

n−
j=1

βkjij(t)+

n−
j=1

β̂kjaj(t) (4)

and the fraction of susceptible individuals can be computed as
sk(t) = 1 − ik(t)− rk(t), for k = 1, . . . , n.

3. Analysis

3.1. Equilibria

System (3) trivially admits the disease-free equilibrium: sk =

1, ik = ak = rk = 0, for k = 1, . . . , n. Next we investigate
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the existence and uniqueness of the endemic equilibrium. The
following relations must be satisfied:

i∗k = a∗

k

r∗

k =
γk

µk
i∗k . (5)

From the first equation in (3), using (5) and setting λ∗

k =
∑n

j=1

(βkj + β̂kj)i∗j , we get the following expression for i∗k :

i∗k =
λ∗

k

γk + µk +
γk+µk
µk

λ∗

k

=

n∑
j=1
αkji∗j

1 + ϑk

n∑
j=1
αkji∗j

. (6)

This is a closed system in the variables i∗k , equivalent to (3)
evaluated at the equilibrium, where we have defined ϑk =

γk+µk
µk

and αkj =
βkj+β̂kj
γk+µk

.
Nowwe consider the application F : Rn

→ Rn, i → F(i)where

i = (i1, . . . , in), F(i) = (F1(i), . . . , Fn(i)) and Fk(i) =

∑n
j=1 αkjij

1+ϑk
∑n

j=1 αkj ij
.

Provided that the matrix of direct and indirect transmission
rates


βkj + β̂kj


is irreducible (which implies that F ′(0) is

irreducible), map F satisfies the hypotheses of the fixed point
theorem (see Hethcote and Thieme (1985) for its statement and
proof).

Thus, if we define R0 as the spectral radius of F ′(0) =

αkj

, i.e.,

R0 = ρ


βkj + β̂kj

γk + µk


, (7)

by applying the fixed point theorem to F , we have that a unique
endemic equilibrium exists whenever R0 > 1. Furthermore, we
can apply

Lemma 3.1 (Thieme, 2003). If the contact matrix is irreducible, then
any endemic equilibrium is strongly endemic, i.e., every component of
the endemic equilibrium is strictly positive.

Thus we obtain the following result:

Proposition 3.2. If R0 > 1, then system (3) admits a unique strongly
endemic equilibrium.

If the matrix of transmission rates is not irreducible then the
endemic equilibrium is not strongly endemic, i.e., ik may be equal
to zero for some k.

3.2. Stability of steady states

In order to prove stability properties of the equilibria, we lin-
earize system (3) in a neighborhood of the steady state, for both
the disease free and the strongly endemic equilibrium.

First we study the stability of the disease free equilibrium, and
in particular we look for conditions such that it is locally unstable,
so that the infection is endemic. The following result holds:

Proposition 3.3. The disease free equilibrium of system (3) is locally
asymptotically stable for R0 < 1, unstable for R0 > 1.

As regards the stability of the strongly endemic equilibrium,
whose existence and uniqueness are guaranteed when R0 > 1, we
are able to state that

Proposition 3.4. Whenever it exists, the strongly endemic equilib-
rium (5)–(6) is locally asymptotically stable.

Both propositions are proved in Appendix.
3.3. Transient behavior

In the previous section we proved that the asymptotic behavior
of system (2) is similar to a ‘‘classical’’ (i.e., without indirect trans-
mission) SIR model with the same metapopulation structure. This
means that the inclusion of indirect transmission in the form of ex-
ponentially delayed contacts with people who had been infectious
in the past does not modify the basic qualitative behaviors of the
model. On the other hand, indirect transmissionmight significantly
change the quantitative outcomes of the system.

If the strongly endemic equilibrium exists, then we know that
it is locally asymptotically stable. In the previous section we have
not proved anything about how the trajectories of the system reach
this equilibrium. Here we show, both analytically and numerically,
that the transient behavior of this system is quite different from
the classical SIR model.

For illustrative purposes, let us consider a one-region model, so
that we can compute the equilibrium explicitly; in particular we
have i⋆ =

µ

γ+µ


1 −

1
R0


, where R0 =

β+β̂

γ+µ
(see Eq. (7)), r⋆ =

γ

µ
i⋆,

λ⋆ = (β + β̂)i⋆.
It is well known (Thieme, 2003) that the period of transient

oscillations around an equilibrium is related to the value of the
imaginary part of the eigenvalues defining the spectral bound (i.e.,
the eigenvalues having the largest real part). In more detail, if such
an eigenvalue is ξ = ρ ± iω ∈ C, then the length of the inter-
epidemic period can be suitably approximated by the quasi-period
T = 2π/ω.

Therefore, we compute the characteristic polynomial of the
Jacobianmatrix evaluated at the endemic equilibrium,which turns
out to be

−ξ 3 +

s⋆β − λ⋆ − γ − δ − 2µ


ξ 2 +


δs⋆(β + β̂)+ µs⋆β

− λ⋆(γ + δ + µ)− (γ + µ)(δ + µ)− δµ


× ξ + δ

µs⋆(β + β̂)− λ⋆(γ + µ)− µ(γ + µ)


(where s⋆ = 1 − i⋆ − r⋆), and find its roots.

As an example, we take fixed parameter values as in Ajelli
et al. (2008) (and in particular we assume R0 = 2.9) and let the
proportion between the two sources of infection vary. In particular
we consider three situations: transmission can occur only by direct
contact (β̂ = 0), only by indirect contact (β = 0) or equally
by both types of contact (β = β̂). By computing the roots of
the characteristic polynomial we are able to find the period of
transient oscillations for the three cases: T = 11.6 years for direct
transmission only, T = 23.3 years for indirect transmission only
and T = 18.4 years for β = β̂ . These results are also confirmed
by numerical simulations, whose outcomes are shown in Fig. 2
for two different initial conditions. This figure highlights that the
presence of indirect transmission increases the wave period, while
the initial condition affects only the amplitude of waves without
altering their period.

Therefore we are able to conclude that indirect transmission
increases the inter-epidemic period, and also the duration of a
single epidemic episode. This seems to be consistent with the very
long duration of the HAV epidemic episode observed in Puglia
during 1996–1997. This makes HAV dynamics in the presence
of indirect transmission potentially very different from other
endemic infections characterized by recurrent epidemics (e.g.,
measles, see Grenfell et al. (2001)). The role of the environmental
reservoir in increasing the inter-epidemic period emerges in other
works on diseases such as cholera (Codeço, 2001), influenza
(Rohani et al., 2009; Roche et al., 2009) and scrapie in sheep
flocks (Woolhouse et al., 1998). For example, the persistence of
bubonic plague in humans, with long inter-epidemic periods, has
been suggested to be possible thanks to the reservoir of infection
represented by the rodent population (Keeling and Gilligan, 2000).
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Fig. 2. (a) Different inter-epidemic periods as obtained by varying the proportion between direct and indirect transmission. The solid line refers to β̂ = 0 (i.e., transmission
occurs only by direct contacts), the dotted line refers to β = 0 (i.e., transmission occurs only by indirect contacts), and the dashed line represents the intermediate situation
in which the transmission risk is equally distributed between direct and indirect contacts (β = β̂). The gray horizontal line represents the endemic equilibrium. Parameters
used: R0 = 2.9, γ = 1.0 month−1, µ = 0.001068 month−1, δ = 0.333333 month−1, s(0) = s⋆, i(0) = 0.9 i⋆ and a(0) = i(0). (b) As in (a) except for i(0) = 0.8 i⋆ .
Source: Parameter values are taken from Ajelli et al. (2008).
4. Simulations

Herewe provide a novel approach for estimating spatial contact
matrices for metapopulation models, whose classes represent
different geographic areas. Moreover, we present a comparison
between model simulations and the hepatitis A notified incidence
(provided in ISTAT (2006) and available at a regional scale) as well
as predictions on the effects of a mass vaccination in Puglia.

4.1. Italian regions

The Italian population (about 60,000,000 individuals, ISTAT
(2009b)) is administratively subdivided into twenty regions. The
number of individuals per region ranges from about 130,000 (Valle
d’Aosta) to about 9,740,000 (Lombardia). Fifteen of the twenty
regions border the Mediterranean Sea, but there exists evidence of
the presence of infected seafood in the marine environment only
in Southern Italy (Mele et al., 2006). Thus, the geographic location
of regions is of a certain interest in this study. Social and economic
conditions greatly vary from region to region, especially between
the North and the South of the country. Fig. 3(a) shows geographic
location, population size and enumeration (adopted throughout
this manuscript) of the Italian regions.

4.2. Spatial contact matrix

In a metapopulation model, the force of infection depends on
the level of mixing between classes and on the per capita trans-
mission rate. Therefore, it is possible to write Eq. (4) as follows:

λk(t) =

n−
j=1

pkckjij(t)+

n−
j=1

p̂kckjaj(t) (8)

where pk represents the transmission rate via direct contact for in-
dividuals living in region k; p̂k represents the contagion rate via
indirect contact for individuals living in region k and


ckj

is the

contact matrix describing the level of mixing between the Italian
regions. For the sake of simplicity, we assume p̂k = νpk, where ν
is a scaling factor which does not vary between regions. The latter
assumption is a simplificationwhich allows us to consider the data
on hepatitis A risk factors described in Mele et al. (2006).

Both short-distance and long-distance travels may play a
central role in driving the spatiotemporal dynamics of hepatitis
A in Italy. One of the aims of this study is to quantify the relative
impact of spatial mobility on hepatitis A dynamics and the effects
of a vaccination program adopted in a single region on the others. It
is of particular interest to evaluate if themass vaccination program
started in Puglia after the great 1996–1997 epidemic could have
played a role in the decline of HAV incidence observed almost
everywhere in Italy in the period 1997–2003. Such an effect has
been already observed in North America, where the hepatitis A
vaccination program performed in the US has been shown to play
a crucial role in the decline of HAV incidence in Canada (Amariei
et al., 2008).

Specifically, for defining the spatial contact matrix, we con-
sider two types of movements: short-distance travel, account-
ing for daily commuting between place of residence and place of
work/study, and long-distance travel, related to occasional touris-
tic travels.

As regards touristic flows, the Italian Institute of Statistics
provides the full origin–destination matrix at the regional level.
In Fig. 3(b), the daily number of tourists traveling from region i to
region j is shown, as derived by ISTAT (2002). As one may expect,
the destination regions are more related to touristic attractions
(e.g., art cities, seaside and mountain resorts) rather than to the
geographical distance between origin and destination regions.

As regards commuting, unfortunately the origin–destination
matrix for daily travels between the place of residence and the
place of work/study is not available to us. Therefore we use a
gravity model for simulating such fluxes. This model is based on
the population size, on the Gross Domestic Product (GDP) of the
regions and on the distances between them. Differently from Ajelli
and Merler (2008) (where commuting destinations are supposed
to depend only on the distance between place of residence and
work/school) and also from Viboud et al. (2006) and Ciofi degli
Atti et al. (2008) (where destinations are supposed to depend on
distance and population size), in Merler and Ajelli (2010) it is
shown that the three aforementioned factors should all be taken
into account for better reproducing the origin and destination of
travels at the European level. Specifically, the gravity model Hkj,
describing the flux of commuters from region k to region j, can be
formalized as follows:

Hkj = θ
gτdk gτrj
dρkj

(9)

where gk is the normalized GDP of region k (gk =
Gk
G⋆ ϕk where

Gk is the per capita GDP of region k,G⋆ is the average Italian per
capita GDP and ϕk is the population of region k) and dkj is the
geodetic distance between the two capitals (often corresponding
to the most populous cities) of the regions. τd and τr tune the
dependence of population movements on donor and recipient
regions, ρ tunes the dependence on the distance and θ determines
the overall number of commuters. The gravity model depends on
four parameters (namely, τd, τr , ρ, θ ) which must be optimized in
order to fit the available data.

In particular, for each region, the Italian Institute of Statistics
(ISTAT, 2001) provides the number of commuters (here a com-
muter is defined as an individual working/attending school in a
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Fig. 3. (a) Geographic location of the Italian regions. Colors account for the size of the population (in log 10 scale). (b) Origin–destination matrix of touristic flows between
regions as obtained from the data provided by the Italian Institute of Statistics (ISTAT, 2002). Colors account for the number of travelers in log 10 scale. (c) Comparison
between the observed number of commuters (here defined as individuals working/attending school in a region other than that of residence) and the number predicted by
the commuting model. Sardegna island is not shown since it has no commuters. (d) Simulated spatial matrix accounting for both touristic and commuting flows. Colors
account for the number of travelers on a log 10 scale.
region other than the one of residence), without specifying the re-
gion of destination. Therefore the objective function is defined as
follows

Γ (τd, τr , ρ, θ) =

20−
k=1


θ

20−
j=1

gτdk gτrj
dρkj

− Mk

2

whereMk is the number of commuters from region k.
By analytically solving the first order condition on θ , ∂

∂θ
Γ (τd,

τr , ρ, θ) = 0, we obtain the following constraint:

θ =

20∑
k=1

Mk

20∑
k=1

20∑
j=1

g
τd
k gτrj
dρkj

. (10)

By imposing condition (10), model (9) is forced to produce∑20
k=1 Mk commuters and thus Hkj can now be interpreted as the

probability of commuting from region k to region j. Therefore,
only three parameters need to be optimized and this can be
done by simple algebraic calculation. The estimated values for the
parameters are: τd = 0.938 (95% CI: 0.804–1.373), τr = 1.674
(95% CI: 0.582–1.994), ρ = 0.716 (95% CI: 0.631–1.31), where
the confidence intervals have been computed by a leave-one-out
procedure (Hastie et al., 2001). Gravity model predictions (where
optimal parameters values are considered) and observed data are
presented in Fig. 3(c). Predictions and observations are in good
agreement and all predicted values differ by much less than one
order of magnitude from the observed ones.

Finally, the matrices for long-distance and short-distance trav-
els are combined to obtain a spatial contact matrix describing the
mixing level between Italian regions. As in Sattenspiel and Dietz
(1995), the level of mixing between geographic areas is based on
the assumption that the time spent by an individual in a certain
area plays a central role for determining the received force of in-
fection. Therefore, in order to combine the two matrices, we sum
the daily touristic flows matrix with the daily commuting matrix
multiplied by a factor 0.6 (i.e., 220/365, in order to take into ac-
count that there are 200 scholastic days and about 240–260 work-
ing days per year). The resulting spatial contact matrix is shown in
Fig. 3(d). The matrix shows a remarkable number of travels to re-
gions having large GDP and population, either absolute (as the case
of Lombardia and Lazio) or relative to neighboring regions (as the
case of Veneto, Emilia Romagna, Toscana and Piemonte). Populous
regions with a small GDP, instead, do not show large numbers of
incoming travelers (e.g., Campania). Also, small regions with high
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Table 1
Model parameters kept fixed in the simulations.

Parameter Description Measure unit Value Reference

Nk Number of individuals in region k Dimensionless a (ISTAT, 2009b)
1/µ Average life expectancy Years 78 (ISTAT, 2009a)
1/γ Average duration of the infectivity period Months 1 (CDC, 2007; Stapleton and Lemon, 1994)
1/δk Average survival period of HAV in the

environment for region k
Months 3, 0b (Abad et al., 1994; Biziagos et al., 1988; Mbithi et al., 1991;

Ajelli et al., 2008)
ϵ Fraction of notified cases Percentage 3–8c (Ajelli and Merler, 2009)
ν Scaling factor for the two sources of infection Dimensionless 2.5 (Mele et al., 2006)
V c
16 Vaccination coverage at birth Percentage 20d (Lopalco et al., 2005; Ajelli et al., 2008)

V y
16 Vaccination rate of 12-years-old individuals Months−1 0.0009d (Lopalco et al., 2005; Ajelli et al., 2008)

a Values reported in Fig. 3(a).
b 1/δk = 3 for 14 ≤ k ≤ 19 (i.e., for Southern Italy); 0 otherwise.
c Uniformly distributed.
d Puglia is the only Italian region which has experienced a vaccination program; for the other regions this parameter is set to 0.
touristic flows do not necessarily have a high number of incoming
travelers (e.g., Trentino Alto Adige). These results suggest that, for
defining the spatial contact matrix at national level for epidemic
modeling, commuting flows aremore relevant than touristic flows.

Finally, it is worth noting that the estimated contact matrix (ckj)
is irreducible by construction. Therefore, from the theory above, a
unique, strongly endemic equilibrium exists and is stable for the
empirical specification of the model.

4.3. Model parameterization, fitting procedure and vaccination

Model parameterization is based on basic demographic infor-
mation on the Italian population, hepatitis A natural history and
model fit to average notification data. Specifically, the population
size of each region and life expectancy at national level are taken
from the Italian Institute of Statistics (ISTAT, 2009b,a). The average
infectivity period for hepatitis A is fixed to 1 month (CDC, 2007;
Stapleton and Lemon, 1994). The life expectancy of HAV in the en-
vironment is set to three months (Abad et al., 1994; Biziagos et al.,
1988; Mbithi et al., 1991; Ajelli et al., 2008). As regards the report-
ing factor ϵ, we assume a unique value across the regions. This is a
simplifying assumption sincewe expect that regions characterized
by different levels of endemicity, as is the case of Italy, could have
very different proportions of symptomatic cases (due to differences
in the age at which infection is acquired) and reporting rates. We
also explore the case of two different reporting rates for Northern
and Southern Italy. However, given the uncertainty on the report-
ing factor, we use a range of plausible values for ϵ taken from pre-
vious literature on HAV dynamics in Italy (Ajelli and Merler, 2009)
rather than fix it to one specific value. Therefore, conditionally on
the estimated contact matrix, the uncertainty in parameter esti-
mates (and thus also in R0) will mainly reflect the uncertainty in
the reporting factor. Model parameter values are summarized in
Table 1.

Transmission rates are estimated by fitting the model at its en-
demic equilibrium to the actual average HAV incidence of notified
cases in each region, computed over the pre-vaccination period
January 1992–December 1996. Specifically, the optimization pro-
cedure works as follows. First of all, a value of ϵ (the reporting fac-
tor, which accounts for both the symptomaticity of HAV infection
and the accuracy of the reporting system) is randomly chosen from
the uniformdistribution on the range 0.03–0.08 according to previ-
ous investigations on hepatitis A in Italy (Ajelli and Merler, 2009);
then we compute the corresponding mean square error (MSE) be-
tween the number of notified cases simulated by themodel ϵi⋆k and
the actual number of notified cases as follows:

MSE(pk) =

20−
k=1


Φ̄k − ϵi⋆k

2
where i⋆k is the HAV incidence at the endemic equilibrium in region
k, which depends on the estimated value of the transmission rates
pk, and Φ̄k is the average number ofmonthly notified cases over the
5-years period from1992 to 1996 in region k under the assumption
they reflect the endemic equilibrium. In general, case reports are a
bettermatch for incidence rather than for prevalence but, since the
average length of the infectivity period is assumed to be 1 month
(i.e., γk = 1 for k = 1, . . . , n), at the endemic equilibriummonthly
incidence and prevalence coincide. For Puglia, Φ̄16 refers to the pe-
riod from January 1992 to December 1995 in order to exclude the
large 1996 epidemic that could hardly be considered close to the
equilibrium value.

Finally, for each choice of the reporting factor, the best trans-
mission rates pk are defined as the ones minimizing the resulting
MSE. The MSE is optimized by using a random walk stochastic lo-
cal search algorithm (Hoos and Stutzle, 2005). In order to keep our
model as parsimonious as possible we assume that there are only
four distinct pk values (see Eq. (8)), i.e., one for Puglia, one for Cam-
pania (the two regions which mostly contribute to HAV endemic-
ity in Italy), one for the remaining Southern regions, and one for
Northern and Central Italy and Sardegna, where HAVmay be close
to subcriticality. Therefore, we consider

pk =


p(1) if 1 ≤ k ≤ 13 or k = 20(i.e., Northern and Central

Italy and Sardegna island)
p(2) if k = 15 (i.e., Campania)
p(3) if k = 16 (i.e., Puglia)
p(4) otherwise (i.e., the rest of Southern Italy).

The proportionality factor between indirect and direct transmis-
sion rates ν = p̂k/pk is obtained by survey data (Mele et al., 2006)
and it is set to 2.5. Since there does not exist evidence of native in-
fected seafood in the Northern, Central and Sardegna marine envi-
ronments, we assume that δk and ak(0) are both identically zero for
1 ≤ k ≤ 13 or k = 20. Finally, by sampling the distribution of the
reporting factor 1000 times, and repeating the optimization proce-
dure, the related distribution of the estimates of the transmission
rates pk and of the basic reproduction numbers were found.

For comparing model predictions with notification data on the
period January 1998–December 2003, the vaccination program
(involving both newborns and 12-year-old individuals) started in
Puglia in 1997 has to be taken into account. Therefore, we intro-
duce the following system:
S ′

k(t) = −Λk(t)Sk(t)−

µk + V y

k


Sk(t)+ (1 − V c

k )µkNk

I ′k(t) = Λk(t)Sk(t)− (γk + µk) Ik(t)
R′

k(t) = γkIk(t)− µkRk(t)+ V c
kµkNk + V y

k Sk(t)
A′

k(t) = δk [Ik(t)− Ak(t)]

where V c
k represents the vaccination coverage of newborns in re-

gion k, and V y
k represents the vaccination rate of adolescent indi-

viduals in region k.
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Fig. 4. (a) Average monthly incidence of notified cases per 100,000 individuals in the twenty Italian regions during the period January 1992–December 1996 (black line),
95% CI (gray rectangles) andmodel equilibrium (colored dots). Red dots refer to Northern and Central regions and Sardegna; the green dot refers to Puglia; the blue dot refers
to Campania; cyan dots refer to the other Southern regions. For Puglia, the average monthly incidence is computed over the period from January 1992 to December 1995.
(b) As in (a), but for the period January 1998–December 2003. Here, a vaccination program involving 20% of newborns and 80% of 12-years-old adolescents is also simulated.
(c) Variations (in percentage) between the monthly incidence evaluated at the endemic equilibrium (not considering any vaccination program) and the average monthly
incidence after 5 years from the beginning of the vaccination program in Puglia. Colors as in (a). (d) Variations (in percentage) between the monthly incidence evaluated at
the endemic equilibrium (not considering any vaccination program) and the monthly incidence evaluated at the new endemic equilibrium, as resulting by simulating the
vaccination program in Puglia. Colors as in (a).
The vaccination coverage at birth V c
16 is kept fixed at 20% and

the monthly vaccination rate of young individuals V y
16 is kept fixed

at 0.0009, which corresponds to 80% of the fraction of 12-year-
old individuals (≈ 0.013 of the population) divided by 12 (in
order to obtain a monthly rate). Such values are chosen in order
to mimic the vaccination campaign performed in Puglia (Lopalco
et al., 2005).

4.4. Model predictions and empirical epidemiological data

The simulated equilibrium is in good agreement with the aver-
age monthly hepatitis A incidence of notified cases computed over
the period from January 1992 to December 1996 (we recall that
for Puglia the average refers to the period January 1992–December
1995). As shown in Fig. 4(a), the model fits all data very well ex-
cept for a few regions (namely Basilicata, Liguria and Friuli Venezia
Giulia).

The fitting procedure allows also computing the basic repro-
ductive number, as given by Eq. (7). In particular, it is possible to
estimate R0 for different Italian areas by restricting the computa-
tion of Eq. (7) to the corresponding rows and columns. In Puglia
the estimated R0 is 2.43 (95% CI: 1.47–5.48), where the observed
variability mainly depends on the uncertainty in the HAV report-
ing factor. This value is between the estimate given in Martinelli
et al. (2010), namely 2.01, and the one given in Ajelli et al. (2008),
namely 2.9, which were both computed from the average age at
infection. In Campania we obtain R0 = 1.31 (95% CI: 1.17–1.56),
which is noticeably lower than the value estimated in Ajelli et al.
(2008), namely 2.2. Therefore, both estimates given here, based
on equilibrium model fit, are lower than the corresponding ones
based on age specific data. As regards the other Italian areas, the
estimated R0 values are R0 = 1.07 (95% CI: 1.04–1.11) for South-
ern Italy (Puglia and Campania excluded) and R0 = 1.04 (95% CI:
1.02–1.07) for Northern and Central Italy and Sardegna. The latter
estimate, close to 1, suggests that hepatitis A is in a situation of ex-
tremely low endemicity in Northern and Central Italy. As discussed
above, the reporting factor could be highly variable between the
Italian regions: in particular its average value of 5.5% used here
seems a reasonable approximation for Puglia, while the report-
ing factor is probably noticeably higher in other Italian regions
(e.g., in Northern Italy) and probably lower in other Southern re-
gions, especially in Campania: a survey conducted in Campania has
highlighted that only 39% of the interviewed people would visit
a medical doctor in case of icteric onset (Salamina and D’Argenio,
1998).

In order to deepen our understanding of the actual hepatitis A
situation in Italy, we relaxed the assumption of a single reporting
factor for the whole study area by considering a specific value
for Northern and Central regions and Sardegna, namely ϵ1, and
another one for Southern regions (including Puglia and Campania),
namely ϵ2. Since the average age at which infection is acquired is
notably higher in Northern and Central regions than in Southern
regions (ISTAT, 2006) and HAV symptoms increase with age
(Stapleton and Lemon, 1994; Armstrong and Bell, 2002), we fix
ϵ1 = 0.2 according to the estimate given in Armstrong and Bell
(2002) for the US population agedmore than 14 years. On the other
hand, we continue to sample ϵ2 from the uniform distribution of
range 0.03–0.08. In this case, the best estimate of the reproductive
number for Northern and Central Italy and Sardegna results to
be R0 = 1.002, with a corresponding 95% confidence interval of
0.992–1.006, while the estimates for the other areas are basically
the same as obtained by assuming a single reporting factor. This
confirms our result that in Northern and Central Italy, hepatitis A
is in a situation of extremely low endemicity and it could possibly
be even non-endemic. From now on results will refer to the case of
a single reporting factor ϵ for the whole country.
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By keeping the estimated transmission rates fixed, it is possible
to simulate the vaccination program in Puglia and study its effect
on the overall hepatitis A dynamics in Italy. Our predictions are
in good agreement with observed notification data for the whole
Northern Italy, while the model overestimates the number of
cases in Southern regions, especially in Puglia and Campania (see
Fig. 4(b)). These discrepancies may be due to the simplifying
assumption that the proportion of notified cases does not vary over
time. In fact, it is well known by epidemiologists that the high
perceived risk during the 1996 epidemic in Puglia and Campania
induced a significant increase in the notification rate during the
course of the epidemic (Ajelli et al., 2008). Since this is not taken
into account in the model fit, the value of the respective fitted
transmission rates may be somewhat overestimated and thus
model predictions for the period 1998–2003 are higher than the
observed data, especially in Puglia and Campania. As regards the
impact of the vaccination program in Puglia, the model predicts
a notable decline in HAV incidence in Puglia, namely about 60%
after 5 years from the beginning of vaccination. Moreover, a slight
decline is observable in all other regions, except Campania (see
Fig. 4(c)). The difference in the number of notified cases during the
pre-vaccination period is larger in Northern and Central Italy than
in Southern regions; this can be explained by the lower R0 value
in the Northern-Central part of the country. Moreover, the limited
effect on hepatitis A dynamics in Campania strongly suggests that
this disease is endemic in that region even without contacts with
Puglia. Fig. 4(d) shows the effects of the vaccination program in
Puglia (by assuming that the vaccination rates do not vary over
time) on the new long-term endemic equilibrium. It is interesting
to note that the vaccination program has a significant effect on
hepatitis A dynamics in all Southern regions (Campania excluded)
and a limited effect on Northern-Central Italian regions. This is
a consequence of the spatial contact matrix, which shows higher
travel fluxes between Puglia and the other Southern regions rather
than between Puglia and the rest of Italy (see Fig. 3(d)).

5. Discussion and conclusions

This work extends the model for HAV transmission dynamics
with multiple sources of infection presented in Ajelli et al. (2008).
To the best of our knowledge the present manuscript represents
the first instance of a metapopulation model including direct and
indirect transmission, of which HAV is perhaps the most notable
example. Our analysis proves that the general form of the pro-
posed model shows the qualitative behavior of the classical SIR
model (considering only the person-to-person source of infection).
However, from a quantitative point of view, it shows a different
pattern accounting for longer epidemic and inter-epidemic peri-
ods. A spatial contact matrix for Italy at the regional level has been
derived. This matrix takes into account the most relevant human
movements: daily short-distance travels (e.g., for commuting from
the place of residence to the place of study/work) and occasional
long-distance travels (e.g., for touristic reasons). A gravity model
for commuting flows has been developed and specifically parame-
terized for the Italian situation. The resulting spatial contactmatrix
represents a useful starting point for developing Italian metapop-
ulation models, with regional spatial resolution, focused on other
infectious diseases such as, for instance, influenza or measles.

The recent history of hepatitis A in Italy is characterized by a
large heterogeneity, in that althoughHAVmight still be considered
endemic in the nation as a whole, this seems to be true only for
a few areas (mainly located in Southern Italy) which are strongly
affected by HAV, while the others show only few, sporadic cases
during the year. This suggests that in the latter regions HAV
has gone near to, or even below, the critical threshold. This fact
seems to be appropriately captured by our model which indicates
values of the reproductive numbers slightly greater than one in
Northern and Central Italy or even possibly slightly below one
if heterogeneity in reporting factors, as empirically documented,
is considered. This is what can be said by a model like the
present one, i.e., one which depicts a strongly endemic situation
governed by constant transmission rates. Further inquiry on the
actual patterns of HAV in low endemic Italian areas would require
more specific approaches. For example the pattern in low endemic
Italian areas could also be consistent with ‘‘source/sink’’ dynamics
driven by seasonal variation in within- or between-subpopulation
transmission, or with a low endemic equilibrium in a discrete
population, in presence of a low reporting rate. We also feel it
would be important to better investigate the role of international
importation, quite substantial in Italy, under situations of sub-
criticality.

Model simulations are in good agreement with average notifi-
cation values in both the considered periods for most of Italy. The
simulations highlight that the vaccination program in Puglia could
have played a role in the observed decline of hepatitis A incidence
in several Italian areas. Moreover, the effects of a vaccination pro-
gram on the long-term endemic equilibrium is shown and it has
been underlined that the strong connection between Puglia and
other Southern regions is responsible for a large decrease of HAV
prevalence. On the contrary, Campania,which shows a high level of
endemicity by itself, is not substantially affected by HAV dynamics
in Puglia.

The aim of this study is not to evaluate the effectiveness of
specific control measures or to suggest which kind of vaccination
programwould bemore effective. For answering these questions a
more structured model is preferable; e.g., an age-structured or an
individual-basedmodel. The latter should be useful also for testing
individually targeted interventions such as closure of day care
centers or kindergartens which are considered as the main source
of person-to-person transmission for many childhood diseases
(Galil et al., 2002), and hepatitis A aswell (Chitambar et al., 1996). A
specific study on this topic can be found in Ajelli andMerler (2009).

The model proposed here does not take into account either
the seasonality of HAV in the marine environment, which may
be an explanation for the seasonal pattern observed in Puglia and
Campania, as previously suggested in Ajelli et al. (2008), or any
stochastic fluctuation in the transmission rates (e.g., due to human
behavior, such as different levels of seafood consumption during
the year, or to climatic changes in the marine environment which
in turn would be responsible for different seafood availability).
Therefore, a comparison limited to the average notification data
over two distinct periods, as carried out here, rather than to
the monthly time series seems to represent a better option.
Moreover, this choice is also supported by the lack of dynamical
patterns observed in the time series of notification data (with
some notable exceptions). As regards the reporting factor, we
assumed in most of our work a unique value for Italy as a
whole. This however certainly represents an oversimplification of a
complex phenomenon involving the endemicity level, the average
age at which individuals acquire infection and the accuracy of
the reporting system. Indeed, simulations assuming two different
reporting factors have been performed and seem to better capture
the behavior of hepatitis A but at the cost of introducing a further
parameter whose estimate is uncertain.

Finally, it would certainly be important to improve tools for
the evaluation of the global uncertainty embedded in the main
model parameter estimates. In this preliminary effort uncertainty
has been primarily related to the HAV reporting factor, which
is a well-documented source of uncertainty in HAV notification
data. However, many other uncertainty sources exist, e.g. in the
estimation of transmission rates, in the parameter estimates of the
mobility model tuning the spatial contact matrix, and so on, which
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would be important to appropriately take into account in future
work.

Despite some limitations, the proposed model has shown some
capability in explaining some observed hepatitis A patterns both
in pre-vaccination and ongoing vaccination settings and therefore
could represent a reliable starting point for future further analyses.
Combining the use of notification, seroprevalence and age-
specific data would allow further improvements in understanding
hepatitis A dynamics.
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Appendix. Details on the stability analysis

Proposition 3.3. The disease-free equilibrium of system (3) is locally
asymptotically stable for R0 < 1, unstable for R0 > 1.

We linearize system (3) in a neighborhood of the disease-free
equilibrium (s, i, a) = (1, 0, 0):x′

y′

z ′

 =

J11 J12 J13
0 J22 J23
0 J32 J33

x
y
z


where x, y, z are n-dimensional vectors and the n× n submatrices
are defined as follows:

J11 = diag(−µk)k=1,...,n, J12 = (−βkj)k,j=1,...,n,

J13 = (−β̂kj)k,j=1,...,n,

J22 =


β11 − (γ1 + µ1) β12 · · · β1n

β21 β22 − (γ2 + µ2) · · · β2n
...

...
. . .

...
βn1 βn2 · · · βnn − (γn + µn)


J23 = (β̂kj)k,j=1,...,n, J32 = diag(δk)k=1,...,n,

J33 = diag(−δk)k=1,...,n.

We notice that the Jacobian matrix is decomposable; therefore its
spectrum is given by the eigenvalues of J11 and of the matrix

L =


J22 J23
J32 J33


.

Since the eigenvalues of J11 all have negative real parts, the
stability or instability of the disease-free equilibrium comes from
L; so from now on we focus on this matrix. The components of
the linearized system we consider are therefore those related to
infectious individuals and the amount of virus in the environment:
y′

k(t) = λk(t)− (γk + µk)yk(t)

z ′

k(t) = δk


yk(t)− zk(t)


.

(A.1)

First, we prove that the disease-free equilibrium is locally asymp-
totically stable for R0 < 1. We set yk = y⋆k exp(ξ t), zk = z⋆k
exp(ξ t), with ξ ∈ C, and substitute into (A.1), getting
ξy
⋆
k =

n−
j=1

(βkjy⋆j + β̂kjz⋆j )− (γk + µk)y⋆k

ξz⋆k = δk

y⋆k − z⋆k


.

(A.2)

We assume by contradiction that the steady state is not stable, so
ℜξ ≥ 0, and derive from (A.2)

z⋆k =
1

1 + ξ/δk
y⋆k

(ξ + γk + µk) y⋆k =

n−
j=1

(βkjy⋆j + β̂kjz⋆j ).

Since |1 + ξ |2 = (1 + ℜξ)2 + (ℑξ)2 ≥ 1, we have thatz⋆k  ≤
y⋆k1 +
ξ

γk + µk

 y⋆k ≤

n−
j=1

βkj + β̂kj

γk + µk

y⋆j  .
Let ε = mink=1,...,n ℜ


ξ

γk+µk


> 0; therefore, since1 +

ξ

γk + µk

 ≥

ℜ1 +
ξ

γk + µk

 ≥ 1 + ε,

we get1 +
ξ

γk + µk

 y⋆k ≤

n−
j=1

βkj + β̂kj

γk + µk

y⋆j  . (A.3)

We can thus apply the following lemma:

Lemma A.1 (Thieme, 2003). Let M be a positive matrix and η ≥ 0
such that Mhv ≥ ηv for some natural number h > 0 and some vector
v ∈ Rm such that −v ∉ Rm

+
. Then the spectral radius of M, ρ(M), is

such that ρ(M) ≥ η1/h.

We takeM =


βkj+β̂kj
γk+µk


, η = 1+ ε, q = 1, v =

y⋆1 , . . . , y⋆n ∈

Rn: the hypotheses of Lemma A.1 are satisfied thanks to (A.3),
consequently

ρ


βkj + β̂kj

γk + µk


= R0 ≥ 1 + ε > 1;

but this contradicts the hypothesis that R0 < 1. Therefore all
eigenvalues of L have a negative real part, and so the disease-free
equilibrium is locally asymptotically stable for R0 < 1.

Now we prove that this steady state is unstable for R0 > 1. Let
us write Lmore extensively as given in Box I.

The following lemma turns out to be useful:

Lemma A.2 (Thieme, 2003). Let M be a quasi-positivematrix. If there
exist a positive vector v and η ∈ R such that Mv ≥ ηv, then the
spectral bound of M, s(M), satisfies s(M) ≥ η.

We take M = L, η = 0, v = (i∗1, . . . , i
∗
n, a

∗

1, . . . , a
∗
n) =

(i∗1, . . . , i
∗
n, i

∗

1, . . . , i
∗
n), where i∗k , a

∗

k are the components of the
endemic equilibrium; notice that it exists since we are considering
the case R0 > 1. Then Lv gives
n−

j=1


βkj + β̂kj


i⋆j − (γk + µk) i⋆k

for k = 1, . . . , n (i.e., the first n components), and 0 for the
componentsn+1, . . . , 2n. This vector is non-negative thanks to Eq.
(6); therefore Lemma A.2 guarantees that s(L) ≥ 0, that is, there is
at least an eigenvalue of Lwith positive real part, so the disease free
equilibrium is unstable (andhence the infection becomes endemic)
for R0 > 1.
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L =



β11 − (γ1 + µ1) β12 · · · β1n ˆβ11 ˆβ12 · · · ˆβ1n

β21 β22 − (γ2 + µ2) · · · β2n ˆβ21 ˆβ22 · · · ˆβ2n
...

...
. . .

...
...

...
. . .

...

βn1 βn2 · · · βnn − (γn + µn) ˆβn1 ˆβn2 · · · ˆβnn
δ1 0 · · · 0 −δ1 0 · · · 0
0 δ2 · · · 0 0 −δ2 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · δn 0 0 · · · −δn


Box I.
Proposition 3.4. Whenever it exists, the strongly endemic equilib-
rium (5)–(6) is locally asymptotically stable.

We linearize system (3) in a neighborhood of the strongly
endemic equilibrium (i⋆, r⋆, a⋆), thus obtaining, for k = 1, . . . , n,
x′

k =

1 − i⋆k − r⋆k

 n−
j=1

(βkjxj + β̂kjzj)

−(γk + µk)xk − (xk + yk)λ⋆k
y′

k = γkxk − µkyk
z ′

k = δk (xk − zk) .

Setting xk = x⋆k exp(ξ t), yk = y⋆k exp(ξ t), zk = z⋆k exp(ξ t) (where
ξ ∈ C) we get
ξx⋆k =


1 − i⋆k − r⋆k

 n−
j=1

(βkjx⋆j + β̂kjz⋆j )

−(γk + µk)x⋆k − (x⋆k + y⋆k)λ
⋆
k

ξy⋆k = γkx⋆k − µky⋆k
ξz⋆k = δk


x⋆k − z⋆k


.

(A.4)

In order to prove local asymptotic stability of the strongly endemic
equilibrium, we assume by contradiction that ℜξ ≥ 0 and solve
for y⋆k and z⋆k in (A.4):

y⋆k =
γk/µk

1 + ξ/µk
x⋆k

z⋆k =
1

1 + ξ/δk
x⋆k; (A.5)

thereforey⋆k ≤
γk

µk

x⋆kz⋆k  ≤
x⋆k . (A.6)

Now, since from (A.4) we have1 +
ξ

γk + µk


x⋆k +

λ⋆k

γk + µk


x⋆k + y⋆k


≤

1 − i⋆k − r⋆k

 n−
j=1

βkj
x⋆j + β̂kj

z⋆j 
γk + µk

,

substitution of (A.5) and (A.6) into the last inequality yields1 +
ξ

γk + µk
+

λ⋆k

γk + µk
ψk(ξ)

 x⋆k
≤

1 − i⋆k − r⋆k

 n−
j=1

βkj + β̂kj

γk + µk

x⋆j  , (A.7)

where we have defined ψk(ξ) = 1 +
γk

ξ+µk
.

Let us suppose that the strongly endemic equilibrium is not
locally asymptotically stable: this means that ℜξ ≥ 0.
Notice that, if ℜξ ≥ 0, then also ℜψk(ξ) > 0; in fact,

ℜψk(ξ) = 1 + ℜ


γk

ξ + µk


= 1 +

γk (ℜξ + µk)

(ℜξ + µk)
2
+ ℑ2ξ

≥ 1 > 0.

Similarly to what has been done in the proof of Proposition 3.3, let

ε = min
k=1,...,n

ℜ


ξ

γk + µk
+

λ⋆k

γk + µk
ψk(ξ)


> 0;

since1 +
ξ

γk + µk
+

λ⋆k

γk + µk
ψk(ξ)


≥

ℜ1 +
ξ

γk + µk
+

λ⋆k

γk + µk
ψk(ξ)

 ≥ 1 + ε,

from (A.7) we get

(1 + ε)
x⋆k ≤


1 − i⋆k − r⋆k

 n−
j=1

βkj + β̂kj

γk + µk

x⋆j  .
Let η = maxk=1,...,n

|x⋆k|
wk

, wherew = (w1, . . . , wn) is a solution

to wk =

1 − i⋆k − r⋆k

∑n
j=1

βkj+β̂kj
γk+µk

w⋆j  and wk > 0 for k =

1, . . . , n.
The equilibrium is strongly endemic, so at least one of the x⋆k

is strictly positive, and this means that η > 0; moreover, for
k = 1, . . . , n,

x⋆k ≤ ηwk and there exists k̄ such that
x⋆k̄ = ηwk̄.

Consequently,

(1 + ε)
x⋆k̄ ≤


1 − i⋆k̄ − r⋆k̄

 n−
j=1

βk̄j + β̂k̄j

γk̄ + µk̄

x⋆j 
≤

1 − i⋆k̄ − r⋆k̄

 n−
j=1

βk̄j + β̂k̄j

γk̄ + µk̄
ηwj

= ηwk̄

=
xk̄ ;

but this contradicts the fact that ε > 0. Thus, the strongly endemic
equilibrium is locally asymptotically stable.
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