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Abstract

Influenza is a disease which frequently captures media attention. Seasonal in-
fluenza epidemics still are the best data source for investigations on spreading of
the disease, even when getting prepared to pandemic influenza of newly mutated
strains. We investigate data from an internet based surveillance system, the In-
fluenzanet. Our previous work concentrated on analysing the noise floor before
the seasonal outbreak starts and the burn out of sucsceptibles at the hight and
final phase of the epidemics. Both scenarions could be modelled analytically, and
likelihood functions be derived rigorously. In the present study we model the start
of the epidemic outbreak, and again can derive the likelihood function analytically.
Our approximation captures the initial exponential growth phase of the epidemic.
Especially the interplay of the noise floor and the onset of the epidemic season is
of importance to understand when the outbreak happens and when still normal
fluctuations in the noise floor might give erroneous alerts.

Key words: stochastic dynamics, master equation, generating function, partial
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1 Introduction

Recent outbreaks of influenza have allerted the public of possible pandemic spread of
a new influenza virus mutation. Also seasonal influenza is driven to most extend by
newly appearing slight mutations in already in humans existing strains. Hence, seasonal
influenza epidemics still are the best data source for investigations on spreading of the
disease, even when getting prepared to pandemic influenza of newly mutated strains.
Here we investigate data from an internet based surveillance system, the Influen-
zanet. Our previous work [1] concentrated on analysing the noise floor, before the
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seasonal outbreak starts, as a Poisson process and then the burn out of sucscepti-
bles at the hight and final phase of the epidemics. Both scenarios could be modelled
analytically, and likelihood functions be derived rigorously.

In the present study we model epidemic outbreak of influenza as an susceptible,
infected, recovered process (SIR). We calculate from the master equation, which is tra-
ditionally widely used in physics and chemistry [2, 3], the partial differential equation
(PDE) in two variables for the generating function in order to find solutions for the mas-
ter equation [2, 4, 5, 9]. However, this PDE is analytically untractable. Therefore, the
start of the epidemic outbreak then is approximated by the assumption of abundantly
many susceptible individuals during the onset phase. This assumption significantly
simplifies the PDE to a form in only one variable, similar to the ones treated earlier
[1]. It can be shown rigorously that the waning immunity transition from recovered
R back to susceptibles S does not play any role during the onset of the epidemic, as
defined by our assumption of abundance of susceptibles.

Though the PDE is still much more complicated than in the simple test cases
treated in [1], we can solve the PDE and obtain the generating function analytically in
closed form. From the generating function the likelihood for future parameter analysis
can be calculated as well as the dynamics of the mean value, demonstrating clearly that
we describe with our approximation of abundantly many susceptibles the exponential
growth phase of the epidemic onset. Especially the interplay of the noise floor and the
onset of the epidemic season is of importance to understand when the out break happens
and when still normal fluctuations in the noise floor might give erroneous alerts. The
analysis is applicable to influenza time series, originated from Influenzanet, an internet
based surveillance system which has operated for a number of years successfully in the
Netherland, Belgium, Portugal and Italy, and is in the process to operate in further
European countries like Germany, France and the United Kingdom of the British Isles
[6, 7, 8]. Such a system in parallel to the classical national medical surveillance systems
could serve as an early warning system in future pandemics, since information can be
spread faster than in traditional notification systems.

2 Stochastic epidemic dynamics and generating function

One of the basic epidemic process is the susceptible, infected, recovered (SIR) epidemic,
in which susceptible individuals S become infected on contact with already infected I
with infection rate 8 and recover with rate « into the R class. Eventually, the recovered
and immune R can become susceptible again with rate a. For the onset phase of an
epidemic this waining susceptibility does not play any important role, as we will show
below. For recurrent outbreaks in seasonal influenza this will become important though
[10]. The SIR epidemic is given by the reaction scheme

S+1 214

7 L (1)
R % S
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giving the following master equation (stochastic Markov process in continuous time)
for fixed population size N, hence N = S+ I + R.

The master equation for the SIR system with R = N — S — I, hence we only need
to consider the probability of S and I, and R follows from this, is given by

%p(S,I,t) _ %(I—l)(S—I—l))p(I—1,t)—|—7([+1)p(5,[+1,t)
Fa(R+1) p(S—1,1,1) @)

_ (]@[(N—I)+’YI+OZR> p(S,1,t)

with (R+1) = N — (S —1) — I. In order to solve the master equation we can use
generating functions or charateristic functions, obtaining an eventually easier solvable
partial differential equation (PDE). In the folowing we apply the generating function
to the above given master equation.

2.1 Generating function

The generating function for the master equation in two variables S and I is defined as

N N
@'y =" aly® p(S, 1,t) = f(x,y,1) (3)

1=0S=0

and it generates moments of the stochastic process, once it is determined from that
process. It is

Of (@.:1) _ NN\~ f 01,8
OHED1) _ §™ S 1ty (s, 1) @
1=0 5=0
and NN
of(x,y,t _
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O f(x,y,t) -1 g, S—1
g%yt _ Tl SyS=1 . p(S, It 6
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etc. and from this we obtain the moments by evaluating at point (x,y) = (1,1),
N N
of(x,y,t
OE U Dl NS (s L) = () 7)
z=ly=1 " 1=08=0
respectively
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and for correlations e.g.

O?f(x,y,t)

N N
dxdy :ZZSI-p(S,I,t):<SI) . 9)

r=Ly=1 " J=05=0

Inserting the generating function into the stochastic master equation gives a partial
differential equation (PDE) to be solved. From the generating function the probability
can be obtained as a back transformation via Taylor’s expansion of f(x,y,t) in respect
to x and y. The dynamics for the generating function is given by

—fxy, ZZm p(S,I,t) (10)

1=05=0

and by inserting the master equation Eq. (3) into Eq. (10) and taking Egs. (4), (5)
and (6) gives the following PDE

of p *f of of of

S 1—2)2L Nf-azt—yz) (11

G = o -y e -agl vat -y (N -2l —uF )
and with initial condition p(S,I,tg) = ds,5, - 91,1, giving the initial condition for the
generating function f(xz,y,to) = x0 - %,

2.2 Dynamics of the mean value

The dynamics of the mean values can be obtained via the generating function and its

PDE as
d d (9f(z,y,t) ( <3f>>
Z(8 = = 12
dt< ) dt ( oy S Oy \ Ot r=1y=1 (12)
and inserting the original PDE, Eq. (11), leads after some calculation to
d _ B
#5) = D +alV = (5) - () (13)

with (R) = N — (S) — (I) as one would expect from direct calculations from the
master equation. The well known closed ordinary differential equation for the number of
infected for the SIS system is found from here by inserting the mean field approximation,
i.e. neglecting higher moments (SI) — (S)(I) ~ 0. Hence we obtain

d p
7 5=~ UNS) + alR) (14)
respectively for (I)
d _d [ Of(xz,y,t) B
$<I> = 7 (890 L 1) = N<SI> — (I (15)
and in mean field approximation
d p
7 (D= 0 =) (16)

The mean field ODEs for the SIR epidemics, Eq. (14) and (16), are the starting point
of all deterministic modelling.



SANDER VAN NOORT, NICO STOLLENWERK & LEWI STONE

2.3 Application to the onset of the epidemic in a linearized model

We now approximate for the initial phase of the SIR epidemics the master equation by
the assumption of an abundant number of susceptible individual, hence the reaction
scheme has to be altered in the first component as

S +1 2 T41 (17)

with S§* a constant for the number of susceptibles, hence S — 1 &~ S* etc. The master
equation for this process is given by

d
- <65*I + 7]) p(I,t) (18)
N
and with the definition for the constant 3 := %S * we obtain
d ~ -
P =B =1 (I =10+ (I + 1) p(I +1,8) = (BI+91) p(Lt) . (19)

Due to the autocatalytic first reaction which creates from one infected two infected, the
force of infection increases, such that we expect an exponential increase of the number
of infected, which is characteristic for the intial phase of an epidemic. We also observe
here that the waining immunity transition proportional to « vanishes from the master
equation due to our approximation.

Since the S-dependence in the master equation drops out, the generating function
is now simply defined as

N
(@h) = ol p(l.t) = fla,1) (20)
I1=0

and it generates moments of the stochastic process, once it is determined from that
process. It is

N
af(l', t) -1
= > I p(1Le) (21)
1=0
and (0f/0x)|,=1 = (I).

Inserting the generating function into the stochastic master equation gives a partial
differential equation PDE to be solved. From the generating function the probability
can be obtained as a back transformation via Taylor’s expansion of f(z,t) in respect
to x, see Eq. (3),

1 Ol f(x,t)
It)=—- ——7~+
p( Y ) I' 8.%'1 2—0

The dynamics for the generating function is given by

(22)

) N d
o (z,t) = Izoxf : %p(l, t) (23)
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and by inserting the master equation Eq. (19) into Eq. (23) gives after some calculation
the following PDE

of

T (a-n6-in) L (24)

ot

and with initial Condition p(I,to) = dr,1, giving the initial condition for the generating
function f(x,tq) = x/0. With these intial conditions, given we found a solution of Eq.
(24), we obtain via the back transformation Eq. (22) the solution p(I,t|ly,tp) to be
used for the likelihood function.

This PDE can be solved by the separation ansatz z(z,t) = u(z)-v(t) and to include
initial condition using another function ®(z) as

f(z,t) := ®(2) = P(u(z) - v(t)) . (25)
Inserting this ansatz into the PDE gives
0 _d® 9z d® ov of
af(l‘,t) i v dé;at (1—z)(y— 533)6*
= (1-a)(y—fa) == (26)
dd o0
= (1—a)(y— o) oot

separating the PDE into two ODEs for v(t) with dv/dt = v(t) and u(z) with du/dz =
(1/(1 — z)(y — Bz))u(z) and arbitrary function ®(z). After integration we find the
special solutions

v(t) = e , u(z) = <$ — i) a (27)

and as solution for the separation ansatz

1

(2, t) = (i‘i)ﬁ e (28)

B

Io

To determine the function ®(z) from the initial condition f(z,ty) = ' we insert for

time tg

Floto) = 20 = ®(z) = & (‘”” - 1) o (29)

1

—1 \# .
and from z = < = ! ) e'® we determin z(2) as

@i

x = (30)
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and finally insert this into ®(z) giving

T 1 (2 e0)? 7 1 o
-1 - =z € -
o(z)=d | |2 eo | = |2 _ . (31)
3 (z )77 —1

Up to now we considered for ®(z) only the initial time ¢3. Now we take z for all times
t to obtain the general solution for the generating function in the special case of 3 =0
f(z,t) = ®(2(x,t) with z(z,t) from Eq. (28). We finally obtain the general solution
for all times

- Io
— 1) eB=NC=to) _ (5 _ 2
(x—1)e 0 (:1: B)

7 — 1) el@—)(t—to) _ (m _ %)

ol
flat) = ﬂ( (32)

and from this we can obtain via Eq. (22) the probability p(I,t), respectively the
transition probability p(I,t|Ip,tg) needed for the likelihood function [1], because we
used the initial conditions as described above.

From Eq. (32) we can also calculate the solution for the mean value as

O R I 3

r=1

giving an exponential time dependence. This demonstrates that our approximation
of abundantly many susceptibles describes the exponential growth phase of the SIR
epidemics.

2.4 Constructing the likelihood function

For observed data points in a time series (Io, I1, ...I,) at times (to,t1, ...t,) we have the
joint probability of data points under the model assumption

n—1

p([n,tn,fn_l,tn_l,...,[1,t1,fo,t0) = Hp(fy+1,ty+1lfy,ty)-p(Io,t()) (34)
v=0

- p(1o, to)
x=0

l,+1! f‘)xlvﬂ

v=0 1

and inserting the solution of the stochastic process Eq. (32) we obtain the likelihood
function for the model parameters 5 and -y

R

~ 1,
n—1 l_ — 1) e(ﬁfw)(tu#»l*tu) — | —
~ 1 aIV"’l 8 (I’

L(B,v) = - 35

( ) H Il/+1! 8$IU+1 (LE — 1) e(ﬂ*V)(ttH—l*tu) — (l’ — l) ( )
=0
which can be maximised to get the most likely parameter values given the data. These
parameter values can then be used to fit the actual data.
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To maximize the likelihood function, we take the logarithm of it £ (B ,7Y) = lnL(B ,Y)
and from this the partial derivatives in respect to 5 and v to be zero. Hence we have

_ I,
n—1 I,,+1 l(:{; — 1) 6(577)(tu+1*tu) — xr — l ~
%:Ziln aal - B _ < ﬁ) —. F(3,)
35 =0 8/6 rivt+ (ZL' _ 1) e(ﬁf’y)(ty+17ty) _ (IZ‘ _ %)
x=0
(36)
and
- I
n—1 Tyi1 Xz —1) eB=Ntvpr—ty) _ (2 i
gg:zaal” aaf 16 ~ (o=3) G(3.7)
Y =0 Y riv+ (l, _ 1) e(ﬁ—’y)(tu_‘_l_ty) _ < _ %)
=0
(37)

with the maximum of the log-likelihood given by F(3,~) = 0 and G(3,~) = 0 simul-
taneously. Since already in simpler models [1] we have to apply Newton’s method in
two dimensions to obtain the simultaneous estimates for B and ~y, the derivative op-
erator 9'»+1 /9xv+1 can also be calculated numerically or by symbolic transformation
computer programs. Numerically, we have for the I** derivative the scheme

I
i (}!ZH)’“ ( ! ) = f<xo—k:-h>> (38)

which is easy to evaluate in our application because we only have to take the first few
derivatives of the generating function f at point xg = 0 in the likelihood function.

1 O f(x,t)

(1) = I ol

r=x9=0

Further approximations like the Poisson approximation [11] of constant transition
rates, e.g. \ = BS*IO in the master equation for p(I,t|Iy,ty) lead again to expressions
as already described earlier [1], and become less and less accurate for longer integration
time At = t, 41 —t,, where our more accurate scheme still holds well. Again, numerical
tests have to show the validity of such further approximations in application to the
present data. These methods come closer and closer to complete numerical estimation
of likelihood functions [12].

3 Summary

For the onset of an SIR epidemic process, which describes e.g. seasonal influenza
outbreaks, we have given the master equation, calculated the charcteristic function,
and from this we calculated the likelihood function. The approximation of abundantly
many susceptibles captures the exponential onset of the epidemic well, as we see from
the time dependent solution of the mean value of infected as derived from the generating
function. Though the analytic expressions are much more complicated than in the
previously treated examples [1] to describe the noise floor of influenza and the seond
part of the epidemics, the analytic expressions obtained here can be treated in future
numeric work similarly to the previously investigated cases.
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