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For the spatial stochastic SIS model we consider the perturbative series expansion of the gap
between the dominant and subdominant eigenvalues of the evolution operator. We compute
explicitly the first terms of the series expansion of the gap.
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1. Introduction

The characterization of the critical thresholds in epidemic models is probably the
most important feature of the mathematical epidemiology research due to the
drastic change of the disease spread on the critical threshold. The simple spa-
tial stochastic SIS (Susceptible-Infected-Susceptible) epidemic model, also known
as contact process, has a continuous phase transition from the absorbing state
devoid of infected individuals to a nonequilibrium state of infectivity. The phase
transition lines of the SIS model were recently characterized in pair approximation
as particular case of the reinfection SIRI model [8, 10], and improves the rough
qualitative behaviour in mean field approximation. In the phase transition the dom-
inant eigenvalue of the evolution operator for the SIS model becomes degenerate,
that occurs when the gap between the dominant and the subdominant eigenvalues
vanishes. To study the gap value, series expansions in terms of the creation rate
have been used [1, 2, 7]. This requires the formulation of the epidemic models in
terms of creation and annihilation operators [3-5, 9, 11] starting from the master
equation [6, 12]. The critical values follows from the series expansion, based on a
perturbation ansatz and using a Padé analyses [1, 7].
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Here, we consider the spatial stochastic SIS epidemic model formulated via cre-
ation and annihilation operators. For the SIS model in one dimensional lattices,
we deduce the perturbative series expansion of the gap between the dominant and
subdominant eigenvalues of the evolution operator. The first terms of the series ex-
pansion of the gap are computed explicitly. Here, we do not assume the translation
invariance of the lattice in contrast with the study made in [1].

2. The spatial stochastic SIS model

The stochastic SIS model is one of the best known epidemic models and one of the
simplest. It describes the evolution of an infectious disease through a population
of N individuals, which can be either infected or susceptible. This epidemic model
is also known as the contact process because it describes an interacting-particle
system on a regular lattice, where the particles are annihilated spontaneously and
created catalytically. We consider that a particle is annihilated with rate «, usually
a = 1, and created with a rate 8 times the fraction of the nearest neighbours
occupied sites. We use the state variables

o=(7). m=(p) 1)

to represent the site ¢ whenever is empty or occupied or, in an epidemic context,
when the individual ¢ is susceptible or infected. The configuration of the lattice
can be represented by

[n) = mnz ... nn) = [m) @[m2) @ ... @nn) (2)

where |n;) = |0) or |n;) = |1) represents the state of each site i and N denotes the
number of the sites.

2.1 The creation and annihilation operators

To describe the SIS epidemic model using the creation and annihilation operators,
we define the following operators to act on each site of the lattice.

+

()

cj:<8(1)) and c:<(1)8> . 3)

It is obvious that these local operators applied to the state variables give

Definition 2.1. The creation operator, c;”, and the annihilation operator, ¢;, are

given by

¢i10)=11) and cl1)=]0) . (4)
Let J; ; € {0,1} be the elements of the N x N adjacency matrix J that describes
the neighbouring structure of the N individuals. We consider that the individuals
live on a regular lattice, where each corner has the same number () of edges. The
time evolution of the probability p (n,t) = p(n1,...,nn, 1) is given by the master
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equation

N N

d

@p(nvt) = E wm,l—mp(nla'”?l _77i7~~777N7t) - E wl—m,mp (7717"'777i7"'777N7t)7
i=1 i=1

for n; € {0,1} and with the transition rates
N N
Wy, 1y, =3 ZJijnj nita(l—mn) and wip,n =B ZJijnj (1 = nmi)+am;.
j=1

j=1

Now we will use the vector representation given by

1 1 1
v (t) = Z Z Z P, eynnst) ()™ o (€)™ 10)

o) ()

where |O) represents the vacuum state and |n) represents the configuration of the
lattice. Hence, the time evolution of the state vector |¢ (t)) is given by

d
) =Llv) (6)

where the evolution operator L can be written in terms of the creation and anni-
hilation operators, after some calculations from the master equation, as

L=aWy+ AV | (7)

with A = Q. From now on we will consider only 1 dimensional lattices. Hence,
each individual has @ = 2 neighbours.

Definition 2.2. Let B;, @; and n; be the local operators given by

B; = (]1 — cj) ¢, (8)
1 +

Qi = 3 (1 —ci)ef 9)

n; = c;rci . (10)

The operator n; is called the number operator. In the following Lemma, we
observe the result of applying these operators to the state variables.

LEMMA 2.3. The local operators presented in Definition 2.2 applied to the state
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variables |0) and |1) give:

B0y =0 and Bilt)=0)~[1) . (1)
Qil0y = 5 (1) =10)) and Qi) =0 (12)
n;|0) =0 and n;|1)=11) . (13)

The proof of this Lemma is trivial and it will not be presented here.

2.2 The o representation

We start to observe that the operator B; has eigenvalues 0 and —1 associated to the
right eigenvectors |0) and |1) — |0). So, it is convenient to change the coordinated
system to these right eigenvectors that we define by

\()>=yo>:((1)> and \i>:y1>—|o>=<_11> . (14)

The left eigenvectors of B; are <0| = (0] + (1| and <ﬂ = (1], associated with 0 and
—1 respectively.

LEMMA 2.4.  The local operators presented in Definition 2.2 applied to the state
variables ‘O> and ‘1> give

Bi|0) =0 and B;|l)=-]1) |, (15)
Qi0) = 511) and Qi[1y=—1 i) . (16)
ni‘(~)>:0 and n,‘i>=‘i>—|—‘(~)> . (17)

Once again the proof of this Lemma is trivial. Let the state of two sites of the
lattice be denoted by e.g.

)= 10) 0= (§) @ () -

Similarly, we define the two sites states !()D, ﬁ(~)> and ‘ﬁ>. The operators that act
on these two sites are given by, e.g., By + Bo, where By = B; ® 1 acts on the first
site and Bo = 1 ® B; acts on the second site. Therefore, By 4+ Bs acts, e.g., on the
pair ‘f]i> giving

(18)

_ o o O

(B1+ By) [01) = (B; @ 1) (|0) @ 1)) + (1 @ By) (|0) @ |1))

~00[1) +]0) ® (- 1))
— —[i)
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In the same way we obtain that

(B1+ B)[00) =0 (20)
(B1 + By) |10) = —|10) (21)
(B1 + Bp) |11) = —2|11) (22)
This representation can be generalized for all the sites in the lattice by
lo) = |o1og ... on) , ;€ {0,1} , (23)

which we call the o representation. Let B = B; be the operator defined in Eq.
(2.2). To act on the |o) vector we define the operators

N
Wo=)> Bi , (24)
i=1

where B; = 1®2(-1) @ B @ 1®(N=9)_ Hence, generalizing the calculations presented
in Eq. (19), we have that

N
Wolo) =Y Biloios ... ow)
i=1
N
= — ZO’i loiog ... on) . (25)
i=1
Therefore, the operator Wy = Zf\i 1 Bi has eigenvalues given by
N
Ao)y==) o . (26)
i=1

Let Q = Q; and 7 = n; be the operators defined in Eq. (2.2). To operate in the
two sites states we define the operators

Q=001, @=190Q, nm=291 and ny=1Qn. (27)

THEOREM 2.5. With the operators defined in Eq. (27) the following rules are

satisfied
(Qin2 + n1Q2) [00) =0 (28)
(Quna+m@Q2) [01) = £ [i0) + £ [1) . (20)
(Quna +m1@a) |10) = 3 [o1)+ L |1T) 30)
(Qin +m@s) [11) = — [01) — L |10) — [1T) . (31)

Proof. Due to the similarity of the calculations, here we prove only the second rule
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of the theorem. We start to observe that

- (Qn ® (17) (32)

and, in the same way, we have n1Q2 = n® Q Hence, applying the Lemma 2.4, we
obtain that

I11) + 5 |10) . (33)

and

=0 . (34)

Therefore, summing  Egs.  (33) and (34) follows that
(Qinz +n1Qy) |01) = 3 |10) + § |11). 0

3. Series expansion

We observe that the annihilation and creation operators that appear in the evolu-
tion operator L presented in Eq. (7) are given (see [4, 11]) by the expressions

N N
Wy = ZBi and V = Z Qi (ni—1+niq1) (35)
i=1 i=1

where the V operator can be reorganized and written in the form
N
V= Z (Qinit1 +niQit1) - (36)

i=1

From Eq. (25) we observe that

> Bil0)=> _Bi[0..0)==>"0[0..0)=0 |, (37)
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and from Eq. (28) we also observe that

N
(Qinit1 +niQit1)]|0) =0 . (38)

=1

Therefore, we conclude that |O) = }() 6> is an eigenvector of L for the zero eigen-
value L|O) = a0 + A0 = 0. From Eq. (25) we also observe that the subdominant

eigenvalue of Wy is —1 and the correspondent eigenvector is [1g) = ‘1>
N
Wolwo) => Bi|I)=—|1)=—1l) . (39)
i=1

Now, we are interested in determining the subdominant eigenvalue of the evolution
operator L. Let |1)) denote this subdominant eigenvector and A the correspondent
eigenvalue

L) = Alp) . (40)

Hence, the gap between the dominant eigenvalue and the subdominant eigenvalue
of L is given by

=0 —A=-4 . (41)

We assume that |¢)) and A can be expanded in powers of the creation rate A

) = [to) + Alebr) + A [gha) + oo = D> AV [) (42)
n=0
A=Ag+ M+ N A+ =) AN (43)
n=0

where [1g) = H> and Ag = —1. Therefore, the expansion of the gap between the
dominant and the subdominant eigenvalues I' is given by

I'=1 —MA; — N4y — ... . (44)
We choose the vectors |¢,,) to be orthogonal to the vector |i)g)

(tolthn) =0, Yn>1 , (45)
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and we show how to do it in the following computations. Inserting the expanded
expressions of |¢)) and A in Eq. (40) we obtain

(aWo +AV) ZA”\% = (ZA Am) (i::k" |¢n>>

n=0
@Zwoywn /\”—l—ZV\w YAl = ZZA by ATHT
=0 m=0
@2)14/0]1/1“ /\”+van . n:z_%ioAm'%_mM
& Wa o) +§1 (Wolthn) +V [ 1)) A" =
Ay o) + i i:OAm )N (1)

Comparing the same powers of A in both sides of Eq. (46) we verify that

Wo l¥o) = Ao [¥0) (47)

in the case of n = 0 and for other values
Wo lvn) +V [thn1) = D Am [tho-m) - (48)
m=0
Multiplying by (1| and using the orthogonality (¢g|¢,), Vn # 0, we obtain

(0| Wolthn) + (ol VIon-1) = D Am (toltbn—m)

m=0

g AO <¢0Wn) + <w0‘V’¢n—1> - Z Améo,n—m
m=0

& Ap0 + <1!}0|V‘1,bn71> =A, . (49)

Hence, the coefficients A,, of the expansion of the subdominant eigenvalue of L can
be computed recursively by the formula

Ap = Wo|Vn_1) , ¥n>1, and Ag=-1 . (50)

Now, we have to determine the vectors |1,). Since Wy has eigenvalues given by
A(o) = — ZZ]L o; (see Egs. (25) and (26)) this operator can be written by the
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expression

Z Z |Ul 01 ..O'N)<O'1 ..ON

O'N—O
E/—/
Ul+---+0'N7£0

=Y "oV A(0) (o] . (51)

and will be denoted by Wo from now on. Let R be the operator given by

1 1
Z Z lo1 ... o) ! (01 ... oN]|
A(O’l O'N) — AO

0'1:6 O'N:()
N————
o1t ton@{0,—1}

:Zf:"m TN (0;_ ol (52)

0

From Eq. (48), we observe that

m=1

& (Wo — Ag) [¥n) = =V 1) + Y Am [tn-m) (53)
m=1

and applying R we obtain

R(Wo = Ao) [tb) = =RV [hn—1) + Z AR nm) (54)
m=1
But
R (Wo _ A0> Z”|a y (WO - Ao)
= Zg:"l@ m (A (o) (o] = Ao (a])
~ S o) (ol (55)
and joying to this sum the terms for the cases o7 + ... + oy = 0 and
01+ ...+ on = —1 we complete the eigenbasis ) _ |o) (o] = 1. Hence,
R (Wo - 40) = 210} {71 =10) (01 = o) (ol (56)

and therefore,

R (Wo = Ao) [Ya) = 1 [) = 10) (Ol) = ) (oltin) = ) - (57)
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Hence, from Eq. (54) we obtain that

n—1

[Yn) = =RV [Yn_1) + > AmR[pn_m), ¥n>2 . (58)

m=1

3.1 Ezxplicit calculation of series expansion

We will now compute explicitly some coefficients of the expansion of the gap be-
tween the dominant and the subdominant eigenvector of the evolution operator for
the SIS model. Here, we do not consider the translation invariance of the lattice,
in contrast with de Oliveira [1]. For the initial state

o) = |010) (59)
and unperturbed eigenvalue Ayg = —1 we obtain
A1 = (Yo|Vo) =0 . (60)

This value result from

Vltho) = ( (Q1n2 +n1Q2) + (Q2n3 + n2Q3) + (Q3n1 + n3Q1)> |010)
1/ oo
=3 ( 1100) + [110) + |001) + |011>) (61)
and therefore
A, = (OT0V ) = o)

since (010/110) = 0 etc. due to the orthonormality of the states. The state vector
of first order in the series expansion is given by

[P1) = =RV |1))
1
_ " .
= Z ) Koy = (ol Vivo (63)
Since
S o) (o = [0y (i10] + [10T)—— (101
R IGEr T 241 o411
H0TT) —— (@T1] + |TT1) ——— ({11
—24+1 —3+1 ’
we have from Eq. (63)
1 1 o 1 o
o) =5 (g 1/100) + 501D
| . e
= 5 (I110) + [011)) . (64)
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For the next terms in the expansion we have to start with system size N = 5, hence
starting state

|40) = |00100) (65)

then because of (Qmiﬂ + fziQiH)\()ﬁ} = 0 we obtain as before

and computing V|¢1) as in Eq. (61) we obtain now

1
Az = (o[ V1) = -5 - (67)
The second state |¢)2) of the series expansion
th2) = =RV |¢1) + A1 R|vo) (68)

gives, with A; = 0, explicitly

| S 1 orens | RO | O
|the) = —[10100) 4+ =|11100) — =|01100) 4+ =|01010)
4 8 2 2
| PO | PO | PSS | PO
+-]01110) — =]00110) + —|00101) 4+ =|00111) (69)
4 2 4 8
and the third coeflicient gives
1
Az = (Yo|V]th2) = 5 (70)

With the previous coefficients A; and the vectors |1);), we obtain for

[93) = —RV |1p2) + AsR|11) (71)

the explicit expression given by

s) =
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Then for the A4 coefficient we obtain

15

Ay = (Yo|V]ps) = 16 (72)

In Table 1, we present a few more coefficients A,, computed in an elementary

e, = —Ap

1

0

0.5

-0.5

0.9375

-1.8125
3.94010416666667
-8.79687500000000
20.45668764467593
-48.49340518904322

Table 1. The coefficients ¢, of the expansion of the gap I' = 377 — A, \".

© 00O ULk W~ O3

computer. We observe that the computation of the ¢, coefficient involves a square
matrix of size 22711, Hence, the next coefficients can be computed only on more
sophisticated computers, with a higher memory capacity. Using many more co-
efficients, we could apply a Padé analyses and obtain probably the best critical
threshold and critical exponent values of the SIS model.
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